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Abstract. In a multi-robot system, a number of autonomous robots
sense, communicate, and decide to move within a given domain to achieve
a common goal. To prove such a system satisfies certain properties, one
must either provide a manual proof, or use an automated verification
method. To enable the second approach, we propose a method to automatically generate a discrete state space of a given robot system. This
allows using existing tools and algorithms for model checking a system
against temporal logic properties. We construct the state space such that
properties regarding the visibility of the robots moving along the boundaries of a simple polygon can be model checked. Using our method, there
is no need to manually prove that the properties are preserved with every
change in the motion algorithms of the robots.
Keywords: Moving robots

1

· Model checking · Visibility

Introduction

Mobile robots are able to sense, communicate, and interact with the physical
world, and are able to collaboratively solve problems in a wide range of applications (see, for example, [2,3,5,14]).
There has been a close relationship between robot motion planning and computational geometry in the applications where the robots are constrained to
move within a geometric domain, like extensions of art-gallery problems [13] to
the cases where a number of moving robots must guard a polygonal domain.
Efrat et al. [7] considered the problem of sweeping simple polygons with a chain
of guards. They developed an algorithm to compute the minimum number of
guards needed to sweep an n-vertex polygon that runs in O(n3 ) time and O(n2 )
working space.
Traditionally, the correctness of robot motion planning algorithms within the
context of computational geometry is investigated by manual proofs. It may be
hard for certain types of planning algorithms to prove they correctly satisfy the
problem’s constraints. On the other hand, when it comes to practical applications of motion planning algorithms, the designer may heuristically adjust the
algorithm’s parameters or even the whole strategy in order to find the best solution that fits both the problem constraints and practical restrictions. In these
cases, manually proving the algorithm with every change may be impractical.
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An alternative and more reliable approach to examine the correctness of the
planning algorithms is formal verification, and more specifically, model-checking
[4]. In a few existing works such as [8,9], model checking has been employed
in motion planning algorithms. Another related area to which model-checking
techniques have been applied are robot swarms. In [12] a swarm of foraging
robots is analyzed using the probabilistic model-checker PRISM [11]. Dixon et
al. [6] used model-checking techniques to check whether temporal properties are
satisfied in order to analyze emergent behaviors of robotic swarms.
In this paper, we focus on discretizing the state space to verify certain properties (Connectivity and Covering) on a multi-robot system where each robot is
programmed with an arbitrary navigation algorithm.

2

Problem Definition

A simple polygon P is defined as a closed region in the plane bounded by a
finite set of line segments such that there exists a path between any two points
inside P which intersects no edge of P [10]. For simplicity, the boundary of P
is denoted by β(P ). Two points p and q in P are said to be visible if the line
segment joining p and q contains no point on the exterior of P .
For a simple polygon P , we use the notation Vp for the visibility polygon of a
point p ∈ P . Removing Vp from P may result in a number of disconnected regions
we call invisible regions. Any invisible region has exactly one edge in common
with Vp , called a window of p, which is characterized by a reflex vertex of P
visible from p, like p′ . The window is defined as the extension of the (directed)
segment pp′ from p′ to β(P ). We denote such a window by w(p, p′ ).
Consider a simple polygon P whose boundary is specified by the sequence of
n vertices < p1 , p2 , . . . , pn > including the set of reflex vertices Pref and convex
vertices Pconv , and a set R = {r1 , r2 , . . . , rk } of k robots. The set of robot
navigation algorithms Alg = {a1 , a2 , . . . , ak } (ai is the navigation algorithm of
robot ri ) is given with the following properties:
1. The robots only move on β(P ),
2. Each step in the movement of each robot is specified by two parameters: direction (clockwise or counterclockwise) and distance (real positive number).
To discretize the state space of the problem, we assume that the robots
have turn-based movements. It means that during the movement of a robot, the
position of other robots is fixed. By decreasing the time units, we can get closer
to a more realistic movement of robots. Having the state space of the robot
system in terms of a transition system, we can apply existing model-checking
algorithms to verify the correctness of the desired properties.
The correctness properties may be built using temporal logics which are
formalisms to describe temporal properties of reactive systems [1]. We define
the following two atomic propositions to be used in temporal logic formulas:
Definition 1 (Connectivity). The set of robots are connected if the graph
induced by the visibility relation between pairs of robots is connected.
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Definition 2 (Covering). The robots cover P if the union of the visibility
polygons of all robots covers the whole P .
Since we do not deal with the details of model-checking algorithms directly
in this paper, we refer the reader for a detailed description of temporal logics to
[1]. However, to bring an example, the LTL formula ♦(Covering ∧¬Connectivity)
describes the property that eventually (represented by ♦) the system reaches a
state in which P is covered by the robots, but the robots are not connected.
We define a robot system RS as the triple (P, init, Alg) in which P indicates
the environment of the robots to navigate, init specifies the initial positions of
robots along β(P ), and Alg is the set of navigation algorithms of robots. Our
goal is to define a transition system equivalent of RS, over which temporal logic
formulas may be model-checked.

3

Constructing the Discrete State Space

With the ultimate goal of verifying a temporal logic formula over a robot system
RS = (P, init, Alg), we must first construct the equivalent transition system of
RS. As mentioned before, the states are labeled with the atomic propositions.
Hence, the transition system is called a labeled transition system (LTS) [1].
We define the LTS of RS as the tuple (S, Act, "→, s0 , AP, L) where
– S is the set of states (defined bellow),
−−→ , ←
−−−
– Act = {−
move
r mover |r ∈ R} is the set of actions denoting the movement of
robot r clockwise or counterclockwise respectively,
α
– "→⊆ S × Act × S is the transition relation, (we use the notation s "−
→ s′
whenever (s, α, s′ ) ∈"→),
– s0 ∈ S is the initial state (determined based on init),
– AP = {Connectivity, Covering} is the set of atomic propositions,
– L : S −→ 2AP is the labeling function.
3.1

System States

The satisfiability of AP depends on the distribution of robots on β(P ). We model
each state of the system based on the topology of robots and vertices of P .
Definition 3. Let the window w(p, p′ ) has two endpoints p′ and p′′ . We call the
endpoint p′′ the projection of p on β(P ) with respect to p′ , and denote it by πp (p′ ).
Also, we lift the notation to πp = ′ ∪ πp (p′ ), and further to Π = ∪ πp .
p ∈Pref

p∈P ∪R

We define a state as the sequence s =< q1 , q2 , . . . , qm > of all points in
Π ∪P ∪R on β(P ) in the clockwise order. Without loss of generality, we consider
q1 = p1 ∈ P as the starting point in s. Obviously, there exist some sequences
which they do not present any feasible state.
Since model checking algorithms assume each atomic proposition is either
true or false in a state, the following lemma states that moving of the robots
does not change the validity of the propositions Covering and Connectivity, as
long as the sequence defined above remains the same.

Author Proof

Discretizing the State Space of Multiple Moving Robots

189

Lemma 1. Each state s can be uniquely labeled with the atomic propositions
AP = {Connectivity, Covering}.
Proof. Assume that the labeling L(s) ∈ 2AP is satisfied by the current state s.
It is suﬃcient to prove that by moving the robots, L(s) is valid while s does not
change. We discuss two atomic propositions separately.
Connectivity. The change in connectivity of the robots may happen only when
the visible set (of robots) of at least one robot is changed. The visible set of a
robot r changes if r crosses a window of another robot r′ . Note that in this case
the visible set of r′ changes too. Since the endpoints of all windows are included
in the set Π ∪ Pref , the sequence of the points in s is changed in this case.
Covering. Assume that robot r is going to move. The covering of P may change
only in the following two cases, in both there is a change in the current state.
(a) The number of vertices of P visible by r changes. In this case, the point
r ∈ R crosses some points in the set ∪ πp .
p∈P

(b) There exists a robot r′ such that one of the endpoints of the visible part of
β(P ) to r crosses an endpoint of the visible part of β(P ) to r′ . In this case,
*
⊓
some point in the set πr crosses some point in the set πr′ ⊆ Π.
Corollary 1. The satisfiability of each element of AP is decidable for all states,
and each state can be uniquely labeled with respect to Lemma 1.
3.2

Transitions Events

−−→ to be the tuple (CW, δ), where δ is the smallest distance robot r
We define −
move
r
−−−
can move in clockwise direction which causes a change in state. we define ←
move
r
for the counterclockwise (CCW) direction similarly. We define "→ as the smallest
−−→ , ←
−−−
relation containing the triples (s, α, s′ ), where s ∈ S, α ∈ ∪ {−
move
r mover },
and s′ is the state obtained from s by taking the action α.
α
→ s′ can occur for two reasons:
A transition s "−

r∈R

(a) Robot r crosses a point in Π ∪ P ∪ R,
(b) One of the points in πr crosses a point in Π.

−−→ or ←
−−− ), and
Assume that robot r moves in some direction (actions −
move
move
r
r
′
the current state s changes s . Based on the definition of transitions, one of the
following cases happens:
1. r crosses a point p ∈ P ∪R: in this case, the order of r and p are swapped with
each other in the sequence of s, and for all p′ ∈ Pref such that rp′ , pp′ ∈ Π
the order of rp′ is swapped with pp′ .
2. r crosses a point in Π: in this case, there exists a point p′ ∈ Pref such that
pp′ ∈ Π. So, r is swapped with pp′ , and rp′ is swapped with p in s.
3. r crosses a point in Π ′ : in this case, there exist points p ∈ P ∪ R and
p′ , p′′ ∈ Pref such that pp′ ∈ Π, and r crosses the point pp′ p′′ ∈ Π ′ . So, the
point pp′ is swapped with rp′′ in the sequence of s.
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Analysis

Lemma 2 demonstrates an upper bound on the maximum number of states for
the given robot system RS = (P, init, Alg). The upper bound obtained in the
lemma is not tight. In other words, the geometrical properties of polygon P and
the geometry of the projections between the sets R and ∪ πp highly aﬀects on
p∈R

the size of the state space.

Lemma 2. The maximum number of states in order to verify the given robot
k+2
system RS = (P, init, Alg) has the complexity of O(n2 ) in which n indicates
the number of vertices of P , and k specifies the number of robots on β(P ).
Proof. Let ΠP = ∪ πp . We define the set of event points I =
p∈P

∪ πp ∪ ∪ πp ∪

p∈ΠP

p∈P

P as the set of events whose placements are fixed on β(P ). The following recurk+2
sive relation T (k) ∈ O(n2 ) formulates an upper bound on the maximum
number of states with presence of k robots on β(P ):
!
|I|
"
# if k = 1
T (k) =
T (k − 1) × T (k − 1) + O(|Pref |2 )
if k ≥ 2
*
⊓

We have implemented a program to enumerate the states for a given robot
system. Table 1 indicates the maximum number of possible states with respect
to the polygons shown in Fig. 1 and the number of robots on the boundary of
the polygon.

(a)

(b)

(c)

(d)

Fig. 1. The polygons used for experimental results
Table 1. The maximum number of states computed with respect to type of the polygons in Fig. 1 and the number of robots

Polygon
Polygon (a)
Polygon (b)
Polygon (c)
Polygon (d)

k=1
133
23
135
84

Complexity
k=2 k=3
k=4
3,389 233,683 363,719,760
406 9,674
482,640
4,254 308,706 418,697,132
2,481 137,806 61,352,369
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Conclusion

We presented a method to construct a discrete state space for a multi-robot
system with the aim of verifying correctness properties expressed in temporal
logic formulas. The notion of state has been defined in such a way that each
state can be uniquely labeled with the atomic propositions Connectivity and
Covering. This way, the modeler can provide the navigation algorithms and verify
temporal formulas constructed over the mentioned propositions using existing
model checking algorithms. This eliminates the need for manually proving the
algorithm(s) each time a change in the algorithm is made.
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